Abstract We study a binary system composed of point particles of unequal masses in eccentric orbits in the linear regime of the characteristic formulation of general relativity, generalising a previous study found in the literature in which a system of equal masses in circular orbits is considered. We also show that the boundary conditions on the time-like world tubes generated by the orbits of the particles can be extended beyond circular orbits. Concerning the power lost by the emission of gravitational waves, it is directly obtained from the Bondi's News function. It is worth stressing that our results are completely consistent, because we obtain the same result for the power derived by Peters and Mathews, in a different approach, in their seminal paper of 1963. In addition, the present study constitutes a powerful tool to construct extraction schemes in the characteristic formalism to obtain the gravitational radiation produced by binary systems during the inspiralling phase.
Introduction
In recent years great advances in the field of numerical relativity in the characteristic formulation have been made. In order to deal with a wide variety of interesting problems in the non-linear regime of the Einstein's field equations, such as the gravitational wave extraction algorithms [1, 2, 3] or the gravitational collapse problem [4, 5, 6, 7, 8, 9, 10, 11, 12] , several high accurate numerical codes have been developed. Despite a lack of a real meaning in the neighbourhood of the sources, the weak field approximation furnishes a good start point to create toy models that could serve to calibrate these complex and accurate codes. In addition, this approximation constitutes a powerful tool to construct extraction schemes to obtain the gravitational radiation produced by binaries in the inspiralling phase. This is done in regions that are far enough from the sources where the space-time can be essentially considered flat. The advantage of the linear regime is in the fact that the field equations become hyperbolic and hence can admit a standard variable separation, which allows to integrate them through a completely analytical way. Such a kind of procedure is well-known in the literature and allows one to find the solution for systems in which the density is given as a distribution function such as in the case of a thin shell, a point particle rotating around a Schwarzschild black-hole or two point particles orbiting each other in circular orbits due to their mutual gravitational interaction [13, 14, 15] . Still concerning the use of the linear regime of the characteristic formulation in the study of binary systems, this issue has not been completely considered in the literature, since eccentricity has not been yet considered. It is worth mentioning that, as shown in the 1960s decade in the pioneer paper by Peters and Mathews [16] , the major contribution to the power emitted by point particle binary systems is due to the eccentricity of their orbits. In the next sections, we show how the power emitted in gravitational waves by a binary system is obtained, computed from the Bondi's News function, when eccentric orbits in point particle binary systems composed of different masses are considered. In order to do so, a brief review of the characteristic formalism of null cones oriented to the future is present in Sec. II, the procedure to obtain the solution for a binary system with eccentric orbits is shown in Sec. III and the calculations of the power loss by gravitational radiation by the system is present in Sec. IV. Finally, the conclusions and other issues for further studies are presented in Sec. V.
Formalism
The characteristic formulation based on null cones oriented to the future is well-known and has been used to explore a wide variety of interesting problems (see for example [17, 7, 18, 8, 13, 12] ). In order to avoid coordinate singularities in the angular differential operators, the eth formalism has been employed as shown in [17, 19, 8, 2, 14, 20, 21] . However, a quick and concise review of its more important aspects is necessary in order to fix the conventions and notations used here. The geometrised unit system is employed, i.e., G = c = 1. The Greek indices run from 1 to 4, labelling each coordinate, whereas the Capital Latin letters label the angular coordinates and run from 3 to 4. The space-time is foliated into null cones emanating from a time-like central geodesic oriented to the future. The coordinates used are x µ = (u, r, x A ), where u is the retarded time, which parametrises the central geodesic and labels each null cone, r is the luminosity distance, which is measured along the null rays contained in these cones, and x A represents the angular coordinates, (θ, φ) ((q, p)) for the usual spherical coordinates (for the stereographic two patches representation) and are considered as constants along the outgoing null geodesic. Notice that the coordinates are chosen such that the hypersurfaces for r and u constants have an area of 4πr 2 . In these coordinates the Bondi-Sachs metric [22, 23] reads,
where w and the redshift β are related to the Newtonian gravitational potential and the square of the ADM lapse function, respectively. U A labels the shift vector between two successive null cones and the metric associated with the angular manifold (unit sphere) is represented by h AB (q AB ). In addition, the Bondi's gauge is imposed, i.e. det(h AB ) = det(q AB ) = 1; and it is required that
The metric of the unit sphere is decomposed as a dyadic product i.e., q AB = q (A q B) , where q A are complex null vectors related to the tangent vectors to the unitary sphere oriented along the coordinate lines associated with the angular chart used to make the finite coverage of the sphere, i.e., q A q A = 0. Also, these vectors are chosen to satisfy q A q A = 2. Their explicit form in stereographic coordinates are [19, 18, 8, 13, 24, 21] or in spherical coordinates
as shown in [24, 25, 14] . The angular part of all tensor quantities, such as the metric, the Riemann or the Ricci tensors, are projected along these tangent null vectors resulting in spin-weighted scalars. In particular, the angular metric h AB are decomposed in two complex J, J and a real K spin-weighted scalars, i.e.
and the shift vector U A is decomposed in two complex spin-weighted scalars U and U as,
where the overline indicates complex conjugation. The projection of the covariant derivative referred to q AB onto the vectors q A define two differential operators labelled as ð and ð. They can raise or lower the spin-weight of any spin-weighted scalar function s Ψ and are defined as
where Ω = −q A q B q B|A /2, the comma and the vertical line in the indices indicate partial and covariant differentiation associated with q AB , respectively. For a complete and detailed review of these operators and their properties, see [26, 19, 27, 28] . The eigenfunctions of the operator [ð, ð] are the spin-weighted spherical harmonics s Y lm defined from the usual spherical harmonics Y lm [27, 28] as,
However, there exists another base of eigenfunctions for the same commutator, that will result convenient because they allow to decouple completely the field equations. They are labelled as s Z lm and are constructed as linear combinations of the s Y lm [29, 24, 30] as,
The Einstein's field equations read
and in this formalism they can be re-expressed as
corresponding respectively to hypersurface, evolution and constraint equations [13, 30, 24, 18] . In stereographic-null coordinates, when the angular metric h AB and the shift vector are expressed in terms of the spin-weighted scalars, the Bondi-Sachs metric (1) reads
In the weak field limit, i.e., when slight deviations from the Minkowski background |g µν | ≪ |η µν | are considered, and the second order terms are disregarded, the Bondi-Sachs metric is reduced to,
which clearly can be separated as,
showing that it corresponds to a Minkowski background plus a perturbation. The field equations (5), corresponding to this perturbation, previously computed by Bishop in [13] , read
3 Binary system
In the weak field limit, with the background metric given by the Minkowski space-time, the conservation of the stress-energy tensor in rectangular coordinates, can be written as
where the semicolon indicates covariant derivative as usual. Thus, in this regime, the gravitational field of a given system has no influence upon the motion of the matter that produces the field (as shown in standard textbooks [31, 32] ). Therefore, it is possible to consider particles moving along any curve in the space-time. These particles may be even producing gravitational waves. Consequently, the interaction between two particles, for example, can be gravitational (Newtonian at first order), electromagnetic or of any kind. For this reason we can consider in the present study two point particles held together by their mutual gravitational interaction, moving around each other in elliptical orbits, just as sketched in figure 1 . The masses of the binary system are responsible for the perturbation of the Minkowski space-time, generating gravitational radiation which is propagated away from the system. In order to solve the field equations for this particular situation, the time-like world tubes generated by the orbits of the point particle system must be considered. Thus, the space-time can be separated into three empty regions. The field equations are solved for such regions, and the solutions between two adjacent regions must be related through the boundary conditions imposed on these infinitesimally thin world tubes. The density that describes that point particle binary is given by where, r i (M i ) are the orbital radius (mass) of each particle, r 1 < r 2 and φ :=φ(u) is the angular position as indicated in figure 1 . The instantaneous radius of the particles' orbits reads
where the separation between the masses d is given by
in which ǫ represents the eccentricity, and a is a parameter which becomes the radius of the orbits when the eccentricity is zero. For Keplerian orbits, the angular velocity readsφ
In order to reduce the field equations (9) to a system of ordinary differential equations with respect to the luminosity distance r, the metric functions are re-expressed as linear combinations of the ð s Z lm spherical harmonics,
where s f represents the spin-weighted functions β, w, U, J, the symbol l,m indicates ∞ l=2 l m=−l , the coefficients s f lm depend only on r i.e., s f lm := s f lm (r), Z lm indicates 0 Z lm , and the angleφ is an arbitrary function of the retarded time u. This expansion directs our problem not to an initial value, but instead to a boundary value problem. Thus, the functions (14) are substituted in (9), yielding
where dΩ = dφ dθ sin θ is the solid angle element and the ortho-normality relations for the spin-weighted spherical harmonics s Z lm is employed, i.e.,
To integrate the above system of coupled ordinary differential equations, it is possible to show that equations (15a), (15b) and (15d) yield a fourth order differential equation for J lm , which does not depend on any other metric variables. In order to do that, we re-express (15a), (15b) and (15d) as
− r 2 J lm,rr + 2r rφ − 1 J lm,r + 2rφJ lm + 2rU lm + r 2 U lm,r
where A lm := A lm (r), B lm := B lm (r) and D lm := D lm (r) and are explicitly defined as,
Substituting x = r −1 and after a few simple algebraic transformations, equation (16c) yields a second order differential equation forJ lm , i.e.,
whereJ lm = J lm,xx , and B lm and D lm corresponding to source terms. It is important to notice that, for the vacuum case, (18) becomes homogeneous and then coincides with the master equation presented in [33] ( [13] ) for general l (for the case M = 0 and l = 2). The master equation (18) has analytical solutions for the vacuum. In this case, it does not depend explicitly on m. We solve it for each l = 2, 3, · · · and as expected the family of solutions for each l, namelyJ lm , depends on two constants of integration. Then, integrating it two times we obtain explicitly the family of solutions J lm , which depends on four constants of integration. Now, equations (15) will be solved for the vacuum, i.e., for T µν = 0, for each l = 2, 3, .... In order to do this, note that from (15a) β lm does not depend on r, therefore, these coefficients are constants along the radial coordinate r. Next, with the solutions for J lm and β lm , the second order differential equation for U lm , namely (15b), is solved analytically. After this, (15c) is solved for w lm and with the remaining equations, the constraint equations, the system is fully solved, finally generating families of solutions that depend only on four constants of integration. It is important to note that (15f) is immediately satisfied for the vacuum case, because R 12 = 0 is satisfied identically. Thus, the families of solutions that satisfy (15) for the vacuum are, for example, for l = 2 and m = 0 given by
U 2m (r) = 2D 1β2m (φr |m| + 2i)
where D nF lm are constants of integration, with n labelling a particular constant and F the metric function whose integration generate it. On the other hand, the solutions for m = 0 and l = 2, are given by
Since the solutions for m = 0 are not responsible for gravitational radiation, we then omit any mention of them from now. As the metric functions must be regular at the interior of the world tubes to represent physical solutions, then the families of solutions for r ∈ [0, r 1 ) are bounded. Expanding the functions in power series of r around r = 0, and setting the constants of integration such that those non-convergent terms becomes null, we find relationships between the constants of integration. This procedure reduces, for example, (19) to a family of solutions that depends on one parameter, i.e.,
The families of solutions for r ∈ (r 1 , r 2 ) have the same structure such as (19) , because there is not any physical restriction to impose on the solutions or to assure their convergence or yet to avoid any divergence. Whereas, for r > r 2 it is necessary to impose convergence at the null infinity. This is done by demanding that D 2Jlm+ = 0. As a result, one obtains a set of families of solutions that depends on eight parameters for the whole space-time. These parameters are
, where the subscript −, ± and + indicates the zones r < r 1 , r 1 < r < r 2 and r > r 2 , respectively. The presence of the binary in the space-time, induces jumps in the metric and in its derivatives just at the orbits, i.e.,
and
where
and ∆w jlm , ∆β jlm , ∆w (22) and (23), one obtains
where b jlm are constants, which imply that ∆β ′ jlm = 0. Also, the constants D nF lm depend on two parameters, namely b 1lm and b 2lm . As an example, we show D 1J2m+ for |m| = 0, i.e. 
The parameters b jlm for j = 1, 2 are determined directly from (25a) and (15a).
In particular for the binary system,
where, it is important to note that the spin-weighted spherical harmonics Z lm become real on the equatorial plane θ = π/2, but in general these functions are complex. Specifically, the non-null b jlm , for the first l and m, are given in Table 1 . We write these coefficients only for m < 0, because the others can be obtained remembering that, 
Gravitational radiation emitted by the binary
The power emitted in gravitational waves is computed from the Bondi's News function, which in the linear regime of the Einstein's field equations [13] reads
In terms of the coefficients s f lm , it reads
where the sum indicates that the News is constructed from the contribution of several multipole terms. Here it is important to note that the coefficients J lm depend directly on the source angular position, represented byφ, just as indicated in equation (18) . For this reason the time-retarded derivative J ,ur is re-expressed using the chain rule. When the solutions to the field equations, for r > r 2 are substituted in (31), for l = 2, one finds,
where the prime indicates derivation with respect toφ. It is worth noting that the D 2Jlm+ depend onφ, just as indicated in (18) . Given thatφ :=φ(φ), then they are functions of the retarded angular position. Likewise, it is important to note that the absence of terms for |m| = 1 in the News expression is because b j21 = b j2−1 = 0 as indicated in Table 1 . In addition, despite b jl0 = 0 for l = 2, 3, · · · , the terms for m = 0 do not enter in the News, which indicates that they are non-radiative terms.
The power lost by gravitational radiation emission is computed by just integrating the square of the norm of the News in all directions, namely
In the limit of low velocities, r 1φ ≪ c, r 2φ ≪ c and for l = 2, we find that the power reads
which is nothing but the Peters and Mathews expression for the energy lost by binary systems directly computed from the quadrupole radiation formulae [16] .
The agreement between our results and those by Peters and Mathews is in fact expected, since the system under study is the same. On the other hand, this agreement shows that the characteristic formalism in the linear regime has been properly applied in the present paper. Recall that Winicour in the 1980's decade showed that the Bondi's News function in the Quasi-Newtonian regime [34] is just N = ... Q, with Q = q A q B Q AB . It is worth noting that, for the case of circular orbits, the two first terms in the News (32), lead directly to
Likewise, it is important to note that the first term in the power expression (34) represents approximately 97% of the power emitted by the source for ǫ < 0.5. Thus, a reasonable approximation is just given by the first term of (34).
Summary and Conclusions
We study for the first time in the literature a binary system composed of point particles of unequal masses in eccentric orbits in the linear regime of the characteristic formulation of general relativity. This work generalises previous studies [13] ( [15] ) in which a system of equal (different) masses in circular orbits is considered. We show that the boundary conditions on the time-like world tubes (25) can be extended beyond circular orbits. Concerning the power lost by the emission of gravitational waves, it is directly obtained from the Bondi's News function. Since the contribution of the several multipole terms (l > 2) to the power is smaller than the contribution given by the mode l = 2, the terms for l > 2 are disregarded in the power expression (34) . In addition, the second term in (34) is small as compared to the first one. For example, for eccentricities ǫ 0.5 the first term contributes with almost 97% of the power emitted in gravitational waves. It is worth noting that our results are completely consistent, because we obtain the same result for the power derived by Peters and Mathews in a different approach. Recall that the News function in the Quasi-Newtonian limit corresponds to the third derivative with respect to the retarded time of the quadrupole moment contracted with the tangent vectors q A , i.e., N = ... Q, where Q = q A q B Q AB . In addition, the present study constitutes a powerful tool to construct extraction schemes in the characteristic formalism to obtain the gravitational radiation produced by binary systems during the inspiralling phase. This can be done in regions that are far enough from the sources where the space-time can be essentially considered flat. Finally, it is worth mentioning that a proper and rigorous resolution of the problem here studied needs to be identified as an important outstanding matter for future research in this field. A step in that direction can be given, for example, by the introduction of a small parameter connecting the non-linear and the linear regimes, just as Winicour presents in his remarkable paper [35] . Such parameter would allow one to explore higher order perturbations as well as a rigorous solution of the problem considered in this paper.
